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Summary

Current distribution in multistrand superconducting cables can be a major concern for
stability in superconducting magnets and for field quality in particle accelerator
magnets. In this paper we describe multistrand superconducting cables by means of a
distributed parameters circuit model. We derive a system of partial differential equations
governing current distribution in the cable and we give the analytical solution of the
general system. We then specialize the general solution to the particular case of uniform
cable properties. In the particular case of a two-strand cable, we show that the analytical
solution presented here is identical to the one already available in the literature. For a
cable made of N equal strands we give a closed form solution that to our knowledge was
never presented before. We finally validate the analytical solution by comparison to
numerical results in the case of a step-like spatial distribution of the magnetic field over
a short Rutherford cable, both in transient and steady state conditions.

1. Introduction

Conductors designed and built for large-scale superconducting AC applications and for
DC magnets are cables made by twisting strands or tapes in concentric layers or,
aternatively, braids made by interlacing strands. Strands based on low-temperature
superconductors consist of thousands of superconducting filaments with typical diameters
in the range from 5 to 50 microns, extruded in a normal metal matrix. Tapes of high-
temperature superconductors are flat ribbons containing twisted or untwisted filaments
with typical size in the 10 to 100 microns range. For most power applications the strands
and tapes have a characteristic size much smaller than the cable size, and thus their
internal structure can be ignored.



The strands and tapes are twisted or transposed in order to reduce the induced circulation
currents and the resulting AC loss generated by time dependent external magnetic fields.
The transposition is generally incomplete due to the following two main reasons:

the single strands and sub-cables in a twisted cable are still coupled with the self field
generated by the transport current;

often the strands do not link the same flux, as for example in an ideally transposed
cable subjected to a field with longitudinal gradient, or in the case of manufacturing
deviations from the ideal, perfectly transposed geometry. An example of particular
relevance is superconducting dipoles for particle accelerators, where the cable
bending over the magnet ends causes a strong longitudinal field gradient.

In order to study current distribution phenomena in multistage superconducting cables,
we have developed in the past years a distributed parameters model that allows to
calculate current distribution in very long cables used in magnets due to a substantial
decrease of the number of the unknowns of the problem [1-6]. The model is a specid
case of a multi-conductor transmission line for which standard theory is available in the
field of electrica engineering. As we will show in this paper, another remarkable
advantage of this formulation as compared to the lumped parameters network model is
the possibility to find an analytical solution of the governing equations,

Several authors have undertaken analytical treatment of current distribution and
redistribution under much simplified conditions (e.g. two-strand cables) [7-12]. In
particular, Turck [7] analyzed current sharing between two non-insulated coupled
superconducting wires, with and without superficial oxides. He showed that an
equilibrium current sharing imposed at the cable ends propagates axialy along the
composite to produce current redistribution. This propagation is achieved with a magnetic
diffusivity dependent on the interstrand contact resistance and on the mutual coupling
between the strands. In [8, 9] the analytical solution was also applied to the analysis of
current redistribution in the presence of faulty wires or short circuits between strands.

Ries [10] has used an analytic approximation for the current sharing among quenching
strands either insulated or soldered, in a study aimed at determining the stability of a
multi-strand cable. The analytical approximation was used to estimate the power
dissipated during the thermal transient and the characteristic time necessary for current
distribution.

More recently Krempasky and Schmidt [11] have given the analytical solution of the
equation of current diffusion in a two-strand cable and applied it to the study of long
range “supercurrents’ induced by longitudinal variations of the time derivative of the
magnetic field applied to the cable. The evaluation of the strand currents in the presence
of a generic current cycle was obtained by considering two different analytical solutions
of the equation of current diffusion in the presence of field ramps (forced diffusion), and
during constant field phases (free diffusion). Due to the linearity of the model, the fina
currents in the two strands were evaluated by a superposition of the effects of different
ramps and constant field phases.



Mitchell [12] used an approximate analytical model of a two-strand cable derived using
the same model as the one described in [11] to study the effect of current redistribution
from a normal zone on the stability margin of a cable. The approximate model assumes
that the strands portion where the current redistribution takes place is in superconducting
state.

In this work we extend the analytical solution of the equations of current diffusion to
cables made of a generic number of strands and compare it to numerical ssmulations in
both transient conditions and steady state regimes. The solution is given for any
multistrand superconducting cable that satisfies specific symmetry and periodicity
conditions on the matrices of mutual inductances and interstrand resistances. These
conditions are generally met in cables with high degree of spatial symmetry, such as
Rutherford cables or power transmission cables. As we will discuss later on, symmetry
and periodicity conditions are met on average also in bundled cables such as those used
in Cable-in-Conduit Conductors (CICCs), both at the level of the single strands, as well
as at the level of strand bundles taken as “ superstrands’ with homogenized properties.

Our general solution reduces to the solution given in [11] when a two-strand cable
exposed to alocalized external flux change is considered. As we will show, it is however
possible to derive directly an analytical solution also in the case of cables made of equal
strands, thus enlarging significantly the possibility of fast scoping and parametric studies.
A comparison to numerical results obtained in the case of a short cable subjected to a
variable field with a step distribution in space is used to validate the analytical solution
presented.

2. Model Description

The model for the current distribution in a superconducting cable is based on the
distributed parameters circuit description discussed in detail in [3-6]. The model assumes
that each strand carries a current uniformly distributed in its cross section, and thus
neglects the coupling currents that flow inside each strand among the twisted
superconducting filaments.

The key postulate in the model is the hypothesis that the current can flow continuously
from each strand to al the other strands through distributed contacts. Similarly the
longitudinal voltages, e.g. induced by atime dependent external magnetic field dB/dt, are
also distributed along the cable length. A schematic representation of the equivalent
distributed parameters model of the cable (for three strands) is shownin Fig. 1.

The N strands have initia currents i; and voltages V; at the coordinate x (with i = 1, N).
Over an elemental length dx the currents change by di; because of current transfer across
the interstrand contact resistances R; = 1/(gij dx), where g; is the interstrand
conductance per unit length between the i-th and j-th strand. The voltages drop by dV;
due to the parallel resistance, inductive voltages, and the voltage source v



Applying the Kirchhoff’s current and voltage laws to the distributed parameters circuit,
we obtain the following systems of partial differential equations:
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The vectorsi and v contain the N strand currents and voltages respectively, and I, r, g, are
the system inductance, resistance and conductance matrices of dimension N~ N. The
elements of | are the inductance coefficients among strands |;;, defined on a unit length
basis. The matrix r isdiagonal, and the elements r;; are the longitudinal strand resistances
per unit of strand length. The system conductance matrix is defined as follows:
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We come to asingle system of partial differential equations for the currents in the strands
taking the space derivative of equation (2), and assuming that the interstrand
conductances are uniform along the cable axis:

T T
[
TR I

+gri- gv™ =0 (4.

Equation (4) is a system of parabolic differential equations that describes the current
diffusion aong the cable generated by field or current ramps.

The system of equations (4) must be complemented by an appropriate choice of the
boundary and initial conditions. Different choices of boundary conditions are possible for
the study of current distribution in multistrand cables [2, 3], implying different analytical
solutions. For our study we take a generic initial current distribution within the cable, but
we make the assumption of uniform current distribution among the different cable strands
at the cable ends:
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where iqp isthe total operation current flowing in the cable. The particular choice made in
Equation (5) was used because it was directly investigated experimentally [13].

3. Main Assumptions and Analytical Solution

The model described in Section 2 is till too general to allow a complete analytical
treatment. To proceed with the solution we consider the simpler case in which al the
strands have the same longitudina resistance r (and r = O if the strands are in the
superconducting state). In this case the matrix r can be also written asr I, where | is the
unit matrix. To find the analytical solution of Eq. (4) we need the eigenvalues and
eigenvectors of matrices g and |. These can be obtained analytically when the matrices of
mutual inductances | and transverse conductances g are symmetric and circulant [14], 1. e

a a;=g,withi,j=1,...,N
b) a1=a.1n @ = a.1j1, Withi,j=2,...,N

where a;; is ageneric element of either matrix g or . The symmetry implied by hypothesis
a) is obvious for both matrices and any cable geometry because of the physical symmetry
of the coefficients of mutual inductances and contact conductances. The circularity
condition b) corresponds physically to the fact that the matrices must be invariant for a
longitudinal trandation of the cable by a length characteristic of the cable periodicity.
This condition is generally met in several practical cases either exactly or on average.

In order to expand on the physical implications of hypothesis b) we take as an example an
infinite, straight length of Rutherford cable with N strands. In this case the self inductance
of the strands, i.e. the diagonal terms |;; of the inductance matrix |, are al identica as
each strand follows the same path along the cable length apart for arigid translation by an
integer multiple of Ly/N, where L, is the cable twist pitch, which does not affect the value
of the inductance. In addition if we take any couple of strands i and j these are
geometrically not distinguishable from the couple of strandsi - k and j - k apart for a
rigid longitudinal tranglation by —k Ly/N. This translation does not affect inductances and
we can therefore write that lij = |1 kj. k. The two properties above guarantee that in the case
of a Rutherford cable the inductance matrix is circulant, as aso verified in [6] through 3-
D numerical calculations.

We now turn our attention to the conductance matrix g. In a Rutherford cable two types
of different contacts can be identified. Adjacent strands have continuous contacts along
the cable length, while non adjacent strands only have two contacts per twist pitch. If we
suppose cross contact conductances to be uniform both along the cable length and across
the cable width, we have only two possible different values for the interstrand contact
conductances. g, for adjacent strands, and g. for non adjacent strands. The terms



appearing in the conductance matrix are then g;; = 0 by definition, gij+1 = gij-1 = da for
adjacent strands, and g;j = g for al other terms. Once again the high degree of spatial
symmetry of the cable guarantees that also the conductance matrix g satisfies the
circularity condition b).

The same reasoning and similar arguments can be used to show that other single-stage
common cable configurations such as strand triplets or quadruplets also result in circulant
conductance and inductance matrices. For multi-stage cables the conductance and
inductance matrices can have a complex structure that is no longer exactly circulant. In
general, however, cables are designed so that they are fully transposed with respect to
external field changes. Thisimpliesthat for alength longer than the transposition length a
strand in the cable cannot be distinguished from any other strand, and the properties of all
strands are the same. As a result the conductance and inductance matrices are expected to
be circulant on average.

Under the hypotheses discussed above, the analytical solution of Eq. (4) isthe following:

i(x,t) = I:}’%) b, +%2‘jjx K ©(x, x,t) i(o)(x)+%2‘jjxt(‘jjt K(xxt-t)v(x,t) (6)

where L is the cable length, while the vector by and the integration kernels K© and K are
defined in Appendices A and B. The first term in the solution Eg. (6) corresponds to the
uniform current distribution, while the second and the third term give the current
imbalance due respectively to the initial conditions i?(x) and to the external longitudinal
voltages v®(x,t). The solution Eq. (6) is very general, and can be applied to any current
cycle aswell as any space and time dependent external field applied to the cable.

In the case that the transient starts from zero cable current igp(0) = O, and if v®is
independent of time, asis the case for ramps of current and field with constant rate, the
solution Eg. (6) can be simplified as follows:

i (x,t) = Ii’;’%) b, + % g)dx K* (x,x,t) v®*(x) (7)

where the integration kernel K* is defined in Appendix B. In cases of very long
transients, and with the boundary conditions assumed in (5), the strand currents reach a
steady-state regime whose pattern depends only on the externa voltage and on the
longitudinal resistance per unit length. In order to calculate the regime currents we can
write EQ. (10) in the following form:
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where iop(¥) is the regime value of the transport current, and the regime value of the
kernel K*(x,X, ¥) can be obtained directly from the definitions reported in Appendix B.

Equation (7) can be finally solved specializing the space dependence of the external
voltage v®*. The simplest case that can be considered is when the external voltage is
piecewise constant along the cable length, defined by the series of vectors v®™ relative
to the M space intervals [x™, xX™], with m = 1, ..., M. In this case the integration of the
kernel K* can be performed analytically, and the resulting current distribution is given by
the following expression:

i(x,t)= Ij;’%)bo + Zg_ K **(x,t; x™, ™) yeem (9).

where the matrix K** is given in closed form in Appendix B. Equation (9) provides the
complete solution sought for the current distribution problem represented by the system
of Egs. (4) in the case of time invariant, piecewise constant external voltage.

4. Cables Consisting of Equal Strands under Localized Voltage
Excitation

In the case of cables consisting of equal strands that cannot be distinguished, it is possible
to simplify to a large extent the solution given in the previous section. We consider in
particular cables with uniform longitudinal conductance g;; = g. We assume further that
the self inductances |;; and mutual inductances |;; are the same for all the strands and
strand couples and we indicate them with | and m respectively. The symmetry and
circularity conditions can be verified easily. The cable is subjected to a longitudinal
voltage with amplitude v®* lasting for atime t; and localized over a short length d placed
in the middle of the cable, as would be generated, for instance, by a change of magnetic
flux linked to a cable transposition error. The cable has length L, no longitudinal
resistance and zero transport current. The following sections give the analytical solutions
for atwo-strand cable as well as a cable of N strands.

4.1 Two-strand cable

In the simple case of atwo-strand cableit is possible to show that the general solution Eq.
(6) can be reduced to the simple expressions found in [11]. The details on how to reduce
the general solution to the case of two strands can be found in Appendix C. In accordance
with [11] we define the parameters w = (L - d )/2, a = pw/L. The current in the first
strand is given by:
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where the regime current for the case of a two-strand cableis given by

Ilzw—gd(vf’“-vg’“) (11)

and the time constant t is defined as follows:
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The current in the second strand i, isidentical in module to i, but has opposite sign. In the
form of Eq. (10) the solution found is identical to Eq. (29) of [11] for the so-called
supercurrents. If the external voltage source disappears at time t;, the supercurrents start
a free decay from the value reached at t;. Each component under the sum in (10) decays
with its own time constant t , (see [11] and Appendix C):
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In Fig. 2 we show the evolution of the current in the first strand of a two-strand cable of
length L = 2.3 m caused by avoltage sourcein the first strand v, of 10 mV/m localized in

the center of the cable with d = 0.1 m and acting for atime t; equal to 10 s. No voltage
was applied in the second strand. Because of symmetry, only one half of the cable length
is plotted in Fig.2. The cable self and mutual inductances are | =0.5nH/m and
m = 0.25 nH/m, while the conductance is g = 7.463 MS/m, so that the time constant t is2
s. The current rises under the voltage difference, approaching steady-state conditions for
times much longer than the time constant. As soon as the voltage source is removed the
current diffuses and decays. Note finally that once normalized by the regime current, the
results of Fig. 2 would be the same for any combination of inductances and conductance
leading to the same time constant.

4.2 N -strand cable

The results found for the two-strand cables can be generalized to the case of an N strand
cable using the definitions given in Appendices A and B and the methodology
demonstrated in Appendix C for the case of two strands. For this case we only give the
final result for the current in the i—th strand:

. 4 & 1 . . aha Xo .
(xt)=—1 9 ={1- e i 4 14
|I(x ) o '91 n2( e )smg W gsm(na) (19)

n odd

where the regime current for strand i is defined as follows:
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Equation (15) has a clear resemblance to the definition of the regime current for two
strands, Eq. (11). For the case of N strands however the contributions of the (N-1) couples
of strands in the cable add-up to the total current flowing in one strand. The time constant
t isgiven by:

t =Ng(l - m== (16)

which is afactor N/2 larger than for atwo-strand cable. All other quantities are defined as
for the case of two strands. As in the two-strand cable, if at time t; the external voltage
source disappears the induced currents start afree decay given by:
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We have taken the same parameter values used in the example shown in Fig. 2 to study
the solution obtained for the N-strand cable as a function of the number of strands. In
particular we have considered the case when a single strand is subjected to an external
voltage source, v, with all other voltages equal to zero. This case alows a direct
comparison of results, and any general case can be obtained as a linear combination of
the single strand excitation. The solution obtained for the evolution of the current in the
centre of the cable is shown in Fig. 3 for values of N =2, 3, 4 and 5. In accordance with
Eq. (15), the induced current in the first strand for the genera case has a total regime
value that is (N-1) times larger than in the two-strand case, and the distribution evolves
with a time constant that is N/2 times longer. Note however that if we normalise the
current in the first strand to its regime value and we consider the current distribution at
the same normalised time t/t, the solutions for the first strand is independent of N and has
the same profile plotted in Fig. 2. The currentsin al other strands are negative and equal
in magnitude, as can be seen writing Eq. (15) explicitly for the case considered.

5. Comparison to numerical simulations

For large number of strands, and for complex geometries, the intricacies of the resulting
equations make the analytical solution difficult to manage. Therefore to validate the
complete analytic solution we have compared the analytical result given by Eq. (6) to the
transient and steady state numerical solution of the current diffusion Eq. (4) in the case of
a 16-strand Rutherford cable subject to a time varying magnetic field. For this test we
have taken the same conditions considered in [15]. We have simulated a length L of 3.5
m of cable with a twist pitch L, equal to 100 mm. The cross contact conductances are
taken equal to 20 MS/m for non-adjacent strands and to 2 MS/m for adjacent strands. We



have considered the cable as exposed to a time-dependent magnetic field perpendicular to
its broad face. The time derivative of the field is equal to O for x < L/2, while it is taken
equal to 0.01 T/sfor x > L/2 (see Fig. 4). This leads to a position-dependent voltage v**.
As in [15], the strands have a constant and uniform longitudinal effective strand
resistance r per unit length. We have computed the resulting current, also called
“Boundary Induced Coupling Currents” (BICCs) in [15], during their generation and
development for avaluer = 1.54 10 Wm.

The comparison of transient numerical simulation and analytical solution is reported in
Figs. 5 and 6. Figure 5 shows the evolution of the current in the center of the cable (i.e.
x=1.75 m) for two strands arbitrarily selected. Figure 6 shows the steady state reached
after a sufficiently long time in the same strands. Numerical and analytical values of the
strand currents agree as expected. Because of the presence of a space-dependent source
term v®!, we have performed the integral on the right hand side of Eq. (6) numerically,
with an adaptive gaussian integration. In practical cases the time required for the
integration of Eq. (6) can be large, especially when the vector v¥' is strongly dependent
on position. This is typical in cables with incomplete transposition, where the external
voltage has a periodic oscillation in space with period equal to the cable twist pitch. The
presence of the oscillation in space causes slow convergence of the numerical integration.
As aready discussed, a remarkable reduction of calculation time, without significant loss
of precision, can be obtained performing the integral in Eq. (6) analytically, assuming the
externa voltages to be piecewise constant along the cable and summing up al the
contributions asin Eqg. (9).

Conclusions

We have presented and discussed an analytical approach to the study of current
distribution in multi-strand superconducting cables. Current diffuson among cable
strands has been described by a system of parabolic partial differential equations. The
system has been solved analytically in special but relevant cases that correspond either
exactly or on average to typical multi-strand cables. The correctness of the analytical
solution was demonstrated by comparison to published results and to numerical solutions
of the original system of partial differential equationsin transient and steady state.

The analytical solution found has by nature an involved structure that in practical cases of
large cables with position-dependent voltage sources still requires numerical calculation
of integra kernels involving the evaluation of infinite series. As a result the calculation
time can become large, so that the method described here is not practical for large-scale
analyses. In this respect the analytical solution that we have presented here has an interest
for use only in specia cases, e.g. as a benchmark for numerical codes.

The main advantage of the analytical approach isthat it can be used to obtain closed-form
solutions in simple cases such as an ideal cable made of few strands. Indeed we have
shown that the expression found in the literature for current diffusion in a two-strand
cable can be obtained as a special case of our solution. In addition we have used the fact
that our solution is more general in its formulation to extend the known expressions to
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more complicated geometries, such as atriplet and quadruplets of strands. The analytical
solution in this case provides insight in the behaviors and thus gives the possibility to
explore scaling when extrapolating to large number of strands.
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Appendix A. Eigenvalues and Eigenvectors of the Inductance
and Conductance Matrices

Due to complexity of the mathematical treatment, in this Appendix we report the
definitions necessary to calculate the eigenvectors and eigenvalues used in the analytical
solutions reported in the previous sections. For a detailed derivation of the results
reported in this appendix we refer to [16]. We distinguish the case of an odd and even
number of strands N. We start defining an integer p given by:

N even | N odd
N N-1
p 5 p 5

Given the square N ~ N, circulant, symmetric and positive-definite matrix | it can be
shown [14] that the N eigenvalues of | are positive and are given by:

N even | N odd
$ s- 1)k p+1 s- 1)k
Helar2a b cost p) Pty pal- )" =l 28, 000 (2p+)1 ;

withk=-(p-1), ...,p withk=-p, ..., p

N
Moreover, given the square N~ N, circulant and symmetric g such that g,, = - é 0, the

k=1
ki1l

N eigenvalues of g are all negative (except for the lowest eigenvalue g, which is null) and
given by:

N even | N odd
s- Lkp &l Rt € &2(s- Dkpal
2a glsel COS% p: - 1p+1 ='Za glsél' COS% 2 )lpm
s=2
Wlthk— -(p-1), . withk—-p,. )

The orthonormal spectral basis b consists of N vectors, each vector having N components
defined as follows:

N even N odd
1o (2, 29p 2 _ 2gp gl Tl 2 g2 2gp
bT, = O,\an,m,\rsn 2p-1)—"—3 b' = o\an \anf’%
VNN N gfp N P O TUYNTN PN N )
bT _l l 1 l l u bT | 1 l l U
=t o |
° TIUNCUNTUNCUND ’ Arr TN IND
_if2 (2 _2p F 2gp gl | c _1[2 [2  20p \f quou
bl ={,—,—cos—— ..., |= cos¢{2p- 1) == | bl = = cos 2 cos®
“ TIUNCYN TN N (;*fp N | ¢ {UN'VNTTN N PN N )
pr =+t -1 1 -1u
P AN UNTTUN N
withg=1,...,p-1 withg=1, ...,p
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Appendix B. Integration Kernels

The integration kernels used in Eq. (6) are defined as follows:

K(")(x, x,t) = § G(x,x,t) b.b] (B.1)
Efo(Pl)
;
K(X’ X’t) = g G<(X, X1t) bkbk (BZ)
k=-(p-1) I k
k10
where:
y t§ 1wpgl i <
Gxxt)=§ €& %8teu gn@PX0 4 FPX0 (B.3)
n=1 eLg el g

If the current distribution is initially uniform, so that all components in the vector i©(x)
have the same value, and the external voltage source is time-independent, the time
integration on the right hand side of Eqg. (6) can be performed analytically, leading to the
simpler solution Eq. (7). The integration kernel of Eq. (7) is defined in this case as
follows:

.
K * (x,x,t) = 5 G* (x, x,t) D,y (B.4)
k=-(p-1) | k
k0
where the function G* is obtained from the time integral of G
G * (xx,t)= éGK(x,x,t(I) dt¢ (B.5)
The integration of Eq. (B.5) using the definition of Eq. (B.3) is straightforward:
¥ 1_ e-tgi+gg wp X(.j wpx O
G*(xx,t)=4 >— Sing +sing < (B.6)
L el o el g
I k t k

where we have introduced the time constant t k for the eigenmode k, defined as follows:

w_ 2
t,=-1,0.82 (B.7)
ep g
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As anticipated, a fast integration of the integral in Eq. (7) can be performed when the
external voltage can be approximated as piecewise constant, defined by the series of
vectors v®'™ relative to the space interval [x™, x™], with m=1, ..., M. In this case the
current distribution is computed using Eqg. (9), where the kernel K** is obtained
integrating Eq. (B.4) in space asfollows:

;
K**(x,t;xm,xm*l):iq K *(x,x,t)dx = 5 GK**(x,t;xm,x’“*l)M (B.8)
L k=- (p-1) I
k10
where we have defined the function G** asfollows:
C—‘,<**(x,t;x”‘,x”‘ﬂ):iéﬂm G* (x,x,t)dx (B.9)
L
The result of theintegral in Eq. (B.9) is:
$ 1 1- eté'kthZ € amp x" anp
q**(x,t,x x'“*l) a— sing anp X Oécsg P : Sg (BlO)
e L og a

n=1 np xer 10

e o
In the form given above the analytical solution is expressed as an infinite series of
trigonometric functions. The terms in the series are of oscillating nature, and athough
convergence to a finite solution is guaranteed, the summation must be extended on a
large number of terms to achieve a good accuracy. For this reason it is more convenient
to transform the above series as described in [16]. The resulting expressions are
considerably more complex and are not reported here.
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Appendix C. Solution for a Two-strand Cable for Localised
Voltage Excitation

In this section we show how to specialize the general analytic solution to the case of a
two-strand cable. The source term is a localised longitudinal voltage, as e.g. due to a
transposition error for a cable subjected to a change of the external magnetic field. This
case has been already studied extensively in [11]. In order to achieve comparable results
to those reported in [11], we start from the same hypotheses:

zero total operating current iqp (t) = 0;

zero longitudinal resistancer = 0;

uniform longitudinal conductance per unit length g;

uniform self and mutual inductances per unit length, | and m respectively;

external voltage excitation constant for atimet; and limited to a short length d placed
in the middle of the cable;

cable length L multiple of an even number of twist pitches.

The external voltage per unit length is constant over the interval [x*, ] and zero outside
the interval, where the extremes of the interval are given by:

L-d
xXt=—— Cl1l
5 (C.D

L+d
N C.2
> (C2

This case is obtained with our formalism taking a single space interval with constant

voltage, i.e. M = 1. The voltage over this interval is v®*, corresponding to the single
space interval defined by m = 1. We write the voltage vector in terms of the voltages on
the strands as follows:

Ut)ul(t,-t) (C.3)

where U(q) is the Heavyside function and v, v5* are the voltages per unit length in the
gpace interval (the index in the superscript has been dropped for simplicity) and for each
of the two strands (indicated by the index in the subscript). The matrices | and g for a
two-strand cable are the following:

él my

=& 0 C4
& 14 (4
&g gu

g=$ , (C5)
&9 - gl
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and the eigenvalues of matrices | and g defined in Appendix A are given by:

ily=l+m

i, _ (C.6)
il,=l-m

10, =

i C.7).
%91:'29 ( )

According to Eq. (B.7), the only time constant that is non-zero is t;, that we indicate
simply with t:

&— .2 %— .2
t =-1,0,82 =2(1- m)g&=2 (C.8)
ep o ep o

L 4 (C.9)

b =—[1 -1 (C.10)

As the external voltage is a function of time, the general solution in this case is obtained
from Eq. (6) that in the case of zero initia and total cable current can be smplified as
follows:

L t

i(x,t):%(‘ylx(‘jjq K(xx,t-q)ve*(x,q) (C.11).

Equation (C.11) can be integrated in time using the definitiOon of Eq. (C.3). For t £ t; the
time integral of Eq. (C.11) leads to the same solution given by Eq. (9) where we take
iop(t)=0 and the sum over the constant voltage intervals in space extends over a single
interval, M=1, or:

i(x,t)= 2K **(x,t;xl,xz)v@“*l (C.12).

Substituting the definition of K** from Eqg. (B.8), recalling that in this case p = 1 so that
the sumin Eq. (B.8) has asingle term, and expanding the vector products, we obtain:

i(x,t):_iq**(x,t,xl,xz)?vlm_ XZ“E (C13).
2 1
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The definition of the function G** is given in Eq. (B.10) where we take r = 0.
Substituting in Eq. (C.13) we obtain:

n
t—
t

} 1
P
1Tnp

QJO«

i(xt)=—2—

% e 2 \é/
t_ G- e genp 0 2P x'0  anp x* oe - vy
- m n’ g e L

TE& =- CO yé u(C.14).
26 Sg L o Sg L Ec%e*/?“-vlu

To show that Eq. (C.14) leads to the result obtained in [11] we introduce the following
groups of parameters:

Q- -|-o:

=
Il

a=p—2 C.15).
P (©15)
t, =L (C.16).
n
L-d
w=—9 C.17).
. (©17)
wd
I, = Tg(vfxt - v) (C.18)

and we make the additional assumption that d << L. In this case we have that [16]:

. . inpd .
cosgmp( d)o_ cosZP (L +d)9@1[%sm(na) for nodd (C.19).
2L s e 2L g 0 for neven

Using the above definitions and results, and after some manipulations, we can rewrite Eq.
(C.14) in the following form:

(C.20).

5::

i U,
i(x,t):ill}g iz( '”‘")sinaaq )yg
pa ¥n(;jldn e ﬂ be-

S5

The current in the two strands has the same amplitude but opposite sign. The current in
the first strand is then ssimply given by:

¥ "
il(x,t):iallé n—lz(l e )sin gﬂ%gsin(na) (C.22)
n=1
nodd

which isidentical to the result of [11] that we wished to achieve. After the voltage pulse,

i.e. for t > ty, the solution for the current decay can be obtained from Eqg. (6) decomposing
the time integral asfollows:
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L 4y

i(x,t):%o‘gjx?jq K(x,x,t-q)v@“*l(x,q)+%oc‘}jxc‘}jq K(xx,t-q)v*(x,q) (C.22)

By definition v®*(x,q) is zero for t > t;, so that the second integral on the right hand
side of Eq. (C.22) disappears. Using now the change of variable q(=t - g we have that:

i(x,t):%(‘jjx FacK (xx,q9ve*(x,q9 (C.23).

0 t-t1
where now ve’“’l(x,qd) Is constant for t- t, Eq(£t. The double integral in Eq. (C.23)

leads then to the same primitives already defined for the genera solution, and in
particular:

i(x,t)=2K * *(x,t; N xz)v‘*’“'1 - 2K * *(x,t -t X xz)v@“*l (C.24).

Equation (C.24) can be transformed as outlined above, leading to:

I U
. 4 18 1 . axo . i élu
|(x,t):p—all_|l_ a F(e'“t" -9 ) sin gn—w gsm(na _'_’ g 10°
fnno:dd be-
. (C.25)
4 I 1 ax ‘uel u
:—Il} a —Ze'(t u)ity (1 e‘tl“")sm 8&“—951 (na v & .0
pa 'Il'n=dldn e W g -be-lu

that corresponds to the results found in [11], and namely that each component of order n
has a free decay with the time constant t , from the current reached at time t;.
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Figurel. Distributed parameters circuit model of the elemental mesh of cable used to

describe current distribution in multistrand superconducting cables.
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Figure2. Evolution of the current in the first strand of a two-strand cable with the
parameters discussed in the text and subjected to a localised longitudinal
voltage source. The current is normalised to the maximum current I;. The
localised voltage source acts in the center of the cable for atimet; equal to 5
t, and is equal to zero after this time. The left plot reports the current rise
under the external voltage for t < t1, while the right plot shows the current
decay for t > t;.
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Figure3. Evolution of the strand currents in the center of cables made of few strands

with the same conditions considered in Fig. 2. The current in the first strand is
positive, while the currents in all other strands are negative and equal to each
other.
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Figure4. Field derivative aong the Rutherford cable, producing the voltage source
used for the numerical simulation of Figs. 5 and 6.
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Figure5.
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Comparison between analytical and numerical solution of the time dependent
strand currents induced in a 16-strand Rutherford cable exposed to a localized
change in the applied magnetic flux density perpendicular to the broad face of
the cable. The current in the center of the cable is plotted for two arbitrarily

selected strands.
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Figure 6.
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Comparison between analytical and numerical solution of the regime solution
for the strand currents in a 16-strand Rutherford cable subjected to alocalized
change in the applied magnetic flux density perpendicular to the broad face of
the cable.
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